This work introduces a novel methodology based on finite mixtures of Studentt distributions to model the errors' distribution in linear regression models. The novelty lies on a particular hierarchical structure for the mixture distribution in which the first level models the number of modes, responsible to accommodate multimodality and skewness features, and the second level models tail behavior.
Introduction
Density estimation and modeling of heterogeneous populations through finite mixture models have been highly explored in the literature (Frühwirth-Schnatter, 2006; McLachlan and Peel, 2000) . In linear regression models, the assumption of identically distributed errors is not appropriate for applications where unknown heterogeneous latent groups are presented. A simple and natural extension to capture mean differences between the groups would be to add covariates in the linear predictor capable of characterizing them. However, that may not be enough to explain the source of heterogeneity often presented in the data. Furthermore, differences may also be presented in skewness, variance and tail behavior. Naturally, the usual normality assumption is not appropriate in those cases.
Over the years, many extensions of the classical normal linear regression model, such the Student-t regression (Lange et al., 1989) , have been proposed. In practice, the true distribution of the errors is unknown and it may be the case that single parametric family is unable to satisfactorily model their behavior. One possible solution is to consider a finite mixture of distributions, which are a natural way to detect and model some unobserved heterogeneity. Conceptually, this may be seen as a semiparametric approach for linear regression modelling. Initial works in this direction were proposed in Bartolucci and Scaccia (2005) and Soffritti and Galimberti (2011) by assuming a mixture of Gaussian distributions to model the errors. A more flexible approach was presented in Galimberti and Soffritti (2014) with a finite mixture of (multivariate) Student-t distributions.
From a modelling perspective, mixtures of more flexible distributions like the Studentt, skew-normal, skew-t, may be preferred over mixtures of Gaussians when the data exhibit mutimodality with significant departure from symmetry and Gaussian tails. Basically, the number of Gaussian components in the mixture to achieve a good fit may defy model parsimony. On the other hand, more flexible distributions usually have specific parameters with statistical properties that hinder the inference procedure (see Fernandez and Steel, 1999; Fonseca et al., 2008; Villa et al., 2014) . A common solution for that is to impose restrictions on the parametric space, which goes in the opposite direction of model flexibility. For example, in Galimberti and Soffritti (2014) , inference is performed via maximum likelihood using the EM algorithm with restrictions on the degrees of freedom parameters.
The aim of this paper is to propose a flexible model for the errors in a linear regression context but that, at the same time, is parsimonious and does not suffer from the known inference problems related to some of the parameters in the distributions described above. Flexibility and parsimony are achieved by considering a finite mixtures of Student-t distributions that, unlike previous works, considers a separate structure to model multimodality/skewness and tail behavior. Inference problems are avoided by a model specification that does not require the estimation of the degrees of freedom parameter and, at the same time, does not lose model flexibility. That is achieved due to the fact that arbitrary tail behaviors of the Student-t can be well mimicked by mixtures of well-chosen Student-t distributions with fixed degrees of freedom. Inference for the proposed model is performed under the Bayesian paradigm through an efficient MCMC algorithm. This paper is organised as follows: the proposed model is presented in Section 2 and the MCMC algorithm for inference is presented in Section 3 along with the discussion of some computational aspects of the algorithm. Simulated examples are presented in Section 4 and the results of the analysis of two real data sets are shown in Section 5.
Finally, Section 6 presents some concluding remarks and proposals of future works.
Linear regression with flexible errors's distribution

Motivation
Finite mixture models have great flexibility to capture specific properties of real data such as multimodality, skewness and heavy tails and has recently been used in a linear regression context to model the errors' distribution. Bartolucci and Scaccia (2005) and Soffritti and Galimberti (2011) were the first to consider a finite mixture to model the errors in linear regression models. More specifically, they proposed a finite mixture of ddimensional Gaussian distributions. Galimberti and Soffritti (2014) extended that model by assuming that the errors
where f T d denotes the density of the d-dimensional Student-t distribution with mean vector µ, positive definite dispersion matrix Σ and degrees of freedom ν. a finite mixture of scale mixtures of skew-normal (SMSN) distributions, i.e.
where f SM SN corresponds to some distribution that belongs to the SMSN class, with location parameter µ j , dispersion σ 2 j , skewness λ j and degree of freedom ν j , for j = 1, . . . , J.
Mixtures of Gaussian distributions may not be the most adequate choice when the error terms present heavy tails or skewness. The simultaneous occurrence of multimodality, skewness and heavy tails may require a large number of components in the mixture which, in turn, may compromise model parsimony. The mixture models proposed by Galimberti and Soffritti (2014) and Benites et al. (2016) are more flexible and remedies the problem of dealing with outliers, heavy tails and skewness in the errors. However, both models have a constraint with respect to the estimation of the degrees of freedom parameters, once the estimation of these parameters are known to be difficult and computationally expensive. Thus, for computational convenience, they assume that ν 1 = . . . = ν J = ν. In practice assuming the same degree of freedom for all components of the mixture can be quite restrictive, since a single ν may not be sufficient to model the tail structure in the different components of the model. Another important point to notice is that the number of components needed to accommodate multimodality and skewness may be different from the number of components to model tail behavior. This is our motivation to propose a flexible and parsimonious mixture model that does not suffer from estimation problems and have an easier interpretation for the model components.
The proposed model
Define the n−dimensional response vector Y , the n × p design matrix X and the (p +
Consider the linear regression model
where β = (β 1 , . . . , β p ) ⊤ . We propose the following finite mixture model for the error terms distribution:
where f T (·) denotes the Student-t distribution with mean µ j , dispersion σ 2 j and degrees of freedom ν k . Model identifiability is achieved by setting mean zero to the erros, i.e.
The model in (2) is quite general and includes as a submodel the one propose in Galimberti and Soffritti (2014) , in a univariate context. That occurs for J = K anḋ
⊤ being the identity matrix. Moreover, if J = K = 1, the model in (2) results in the linear regression model with Student-t errors propose by Lange et al. (1989) .
Given the expressions (1) and (2), the probability density function of the response vector Y is given by 
where N (·), G(·) and M(·) denote the Gaussian, gamma and multinomial distributions, Interpretation of the model in (3) may be facilitated by considering the following hierarchical representation of the mixture distribution in which the first level models multimodality/skewness and the second level models tail behavior.
The mixture of gamma distributions for U i in (9) 4. The tail behavior is estimated without the need to estimate degrees freedom parameters. Besides avoiding the known inference difficulties associated to those parameters, our model's parsimony is less penalised with a increase in K.
A particular case of the model defined in (3) occurs when (β 0 , β) = 0 (model without covariates) and no restriction is imposed to the µ j 's. In this case, Y has the following probability density function:
This iid mixture model can be used for cluster analysis or density estimation. Moreover,
⊤ being the identity matrix, the model results in an ordinary mixture of Student-t distributions .
The choice of ν
In this section we present a strategy on how to choose the values of the degrees of freedom parameters ν k , which are fixed in the proposed model, based on the KullbackLiebler divergence (KLD, Kullback and Leibler, 1951) . The KLD between two continuous probability measures is defined as
We consider the KLD between the standard Gaussian and Student-t distributions for different degrees of freedom. Figure 1 shows the KLD for different values of ν. The similarity between those distributions when the degrees of freedom increase gives the intuition to why this is an statistically complicated parameter. 2. Choose the value of K. Based on the exploratory study just mentioned, we suggest
3. Compute the values of the remaining ν j 's such that they are equally spaced in the
For example, for ν m = 2.8, ν M = 14.4 and K = 4, we get ν = (2.8, 3.2, 3.9, 14.4).
Bayesian Inference
The Bayesian model is fully specified by (4)- (7) and the prior distribution for the parameter vector θ = (µ * j , σ 2 , w,ẇ j , β). Prior specification assumes independence among all the components of θ, except for (µ * j , σ 2 ). The following prior distributions are adopted: 
MCMC
The blocking scheme for our Gibbs sampler is chosen in a way to get the larger possible blocks for which we can directly simulate from the respective full conditional distributions.
The following blocks are chosen:
where
All the full conditional distributions are derived from the joint distribution density of all random components in the model, which is given by
Details about how to sample from each of those distributions are presented in in Appendix A of the Supplementary Material.
Prediction
Prediction for unobserved configurations of the covariates is a typical aim in a regression analysis. Suppose we want to make prediction for the covariate values in the matrix X n+1 . In an MCMC context, the output of the algorithm can be directly used to obtain a sample from the posterior predictive distribution of Y n+1 . That is achieved by adding the following steps to each iteration of the Gibbs sampler after the burn-in:
, β be the state of the chain at the m−th iteration. For each m = 1, 2, . . . ,M :
.
Simulated Studies
Two simulated studies are conducted aiming at evaluating the performance of the proposed approach. For both studies we assume K = 3 or K = 4 and set ν m = 2.8 and ν M = 14.4, which leads to ν = (2.8, 3.5, 14.4) and ν = (2.8, 3.2, 3.9, 14.4).
In the first study the data is simulated from the proposed model and, in the second one, from an ordinary mixture of Skew-t distributions. We consider sample sizes 500, 1000 and 2500 with objective to evaluate if exist impact of sample size when we study the tail behavior of the distribution that generated the data. Three models are fit to each simulated sample: 1. the proposed model with K = 3 (Mt-p1); 2. the proposed model with K = 4 (Mt-p2); 3. an ordinary mixture of Student-t distributions with 2 components in the first study and 4 in the second one (Mt). Inference for the third model is performed via MCMC by appropriately adapting our algorithm in terms of J, K anḋ w, and by adding a step to sample the degrees of freedom parameters. This sampling step is proposed in Gonçalves et al. (2015) . Furthermore, the penalised complexity prior (PC prior) from Simpson et al. (2017) is adopted for ν (see Appendix B of the Supplementary Material).
Comparison among the three models is performed in terms of posterior statistics of the regression coefficients and of the errors' variance, which is given by:
w j λ j and λ j and ς 2 j are the mean and variance of the Student-t distribution in j−th component of the mixture. We consider the following three statistics:
is the true value of V ǫ .
We also define the following percentual variation measureD to compare the fitted error distribution in each model:
in the sample space of the error, where f real is to the true density of the data andf is the posterior mean of the error's density under the fitted model. The comparison is performed globally and in the tails of the distribution. In the latter, we use consider a grid of points below 1th and above 99th percentiles.
Initial values for µ * , σ 2 and w are obtained through the R package mixsmsn (Prates et al., 2013) . Matrixẇ is initialised assuming the same probability for all elements and for (β 0 , β) we use the ordinary least square estimates. We also set the hyperparameter values µ 0 =Ȳ , τ = 0.005,α = 1 andβ = 1.5. A uniform distribution on the respective simplex is assumed for w andẇ j .
All the MCMC chains run for 50000 iterations with a burn-in of 10000. A lag was defined to maximise the effective sample size of the log-posterior density. The algorithm was implemented using the R software (R Core Team, 2017).
Errors generated from the proposed mixture model
Data is generated from the proposed mixture model with J = K = 2, where w ⊤ = (0.6, 0.4),ẇ j ⊤ = (0.5, 0.5), j = 1, 2, σ 2⊤ = (1, 0.75), ν ⊤ = (2.8, 4) and µ ⊤ = (−1, 1.5).
We consider X i = (1, X i1 , X i2 ), generated from X i1 ∼ N (0, 1) and X i2 ∼ U(0, 1), and (β 0 , β ⊤ ) = (1, −2, 1). Parameters w and µ are chosen to satisfy the identifiability con-
w j µ j = 0. The following models are fitted:
1. Mt-p1: J = 2, K = 3 and ν = (2.8, 3.5, 14.4);
2. Mt-p2: J = 2, K = 4 and ν = (2.8, 3.2, 3.9, 14.4); 3. Mt: 2 mixture components. Table 1 shows that the estimates for the regression coefficients are quite similar to the true values for both models for sample size 2500. Therefore, it is reasonable to focus on the comparison between both models on the variance of the errors. Similar results are obtained for sample sizes 500 and 1000. Table 2 shows the results concerning the comparison criteria previously described.
The proposed model performs better than ordinary mixture of Student-t model for all the sample size. The posterior results for variance and MSE for Mt model are greatly impacted by the sample size and, even for the largest sample size, it still presents a considerable difference in the variance and MSE in comparison to Mt-p models. The same thing happens regarding the distancesD andD tail . This result is explained by the fact that the posterior variance of the degrees of freedom parameters in the Mt model inflates the posterior variability of all the quantities that depend on those parameters.
Finally, note that differences between the results for Mt-p1 and Mt-p2 are small enough to suggest that there is no great impact on the choice of K. 
Errors generated from a mixture of Skew-t distributions
Data is generated from a regression model in which the erros follow a mixture of Skew-t The same conclusion obtained from Tables 1 and 2 in the first study are valid for Table 3 and 4, respectively.
We highlight the fact that the proposed methodology is efficient to simultaneously accommodate multimodality, skewness and heavy tails, with the advantage of not having to estimate the degrees of freedom parameters. 
Application
We analyse two real data sets. The first one has been considered in several previous works and consists on the velocity of 82 galaxies (in thousands of kilometers per second) located in the Corona Borealis constellation. The second one refers to the national health and nutrition examination (NHANES) survey conducted every year by US National Center for Health Statistics.
For the first application we assume the proposed model without covariates and, in both analysis, we also fit an ordinary mixture of Students-t distributions. We consider K = 4 to fit the proposed model with ν = (2.8, 3.2, 3.9, 14.4).
Model comparison is performed via DIC (Spiegelhalter et al., 2002 ). An approximation of the DIC can be obtained using the MCMC sample {θ 1 , . . . , θ 
Galaxies velocity
The data set is available in the R package MASS (Ripley et al., 2013) and displayed in Figure 3 . This data set was previously modelled in the literature by a mixture of 6 Gaussian components (Carlin and Chib, 1995; Richardson and Green, 1997; Stephens, 1997) . The data set has mean and variance equal to 20.83 and exhibit some clear outliers. Table 5 shows the DIC criterion for both models assuming J = 3 and J = 4, which refers to the total number of mixture components in the Mt models. Based on the DIC the best fit is with J = 4 in both models, with the MT-p model having the smaller DIC. Table 6 25% of the weight in all four components. This result suggests that it is important to consider ν values that characterise heavy tails. Additionally, values ν = 3.9 and 14.4
contribute together with approximately 50% of the weight in all components. Figure 4 confirms the information in Table 6 that the results are quite similar for both models. Greater differences were observed for the estimates of the variance of Y and in the computational cost -10119 seconds for Mt-p and 12169 for Mt). 
US National Health and Nutrition Examination Survey
The data set is available in the R package NHANES (Pruim, 2015) and refers to the survey carried out between 2011/2012. The data contain information on 76 variables describing demographic, physical, health, and lifestyle characteristics of 5000 participants. Lin et al. (2007) and Cabral et al. (2008) analysed the data from this study for 1999/2000 and 2001/2002 and restricted the sample to male participants only. Lin et al. (2007) assumed a mixture of skew-t distributions to estimate the density of the participants body mass index, whereas Cabral et al. (2008) used a mixture of skew-t-normal for density estimation.
We consider the information regarding the weight in kilograms (response variable), To model the source of unobserved heterogeneity present in Figure 5 (b) we applied the proposed approach to model the errors distribution and us comparer the posterior results with the mixture of t components (Mt). We assumed the model with J = 2, 3 and 4 components and based on the DIC the best fit to the data is considering a mixture with J = 4 components ( Table 7) . We also compare the models in terms of prediction capability. We consider the root of the prediction mean square error (RMSE), absolute mean error (MAE) and the relative error (RE). Results are presented in Table 9 and indicate a slightly better performance for the Mt-p model. We also consider the HPD predictive intervals which are, on average, smaller for the Mt-p model (see Figure 6 and range in Table 9 ). The computational cost for the Mt-p model is 31% smaller than the cost for the Mt model. 
Conclusions
This paper proposes a Bayesian model based on finite mixtures of Student-t distributions to model the errors in linear regression models. The proposed methodology considers separate structures to model multimodality/skewness and tail behavior. The two-level mixture facilitates interpretation and data modeling since it considers that the required number of components to accommodate multimodality and skewness may differ from the number of components to model the tail structure. In addition, the tail modeling does not involve degree of freedom parameters estimation, which improves the precision of estimates and the computational cost. The methodology also includes the case with no covariates for density estimation and clustering. Morevoer, the proposed MCMC algorithm may be adapted to perform inference in ordinary mixture of Student-t models including the estimation of the degrees of freedom parameters.
The performance of the proposed methodology was evaluated through simulation studies and applications to real data sets. Results illustrated the flexibility of the model to simultaneously capture the different structures presented in the errors of the regression model. It is important to emphasise that the complexity resulting from the estimation of the K − 1 weights associated to the ν parameters is much lower in comparison to the estimation of the degrees of freedom parameter, whose estimation process is computationally expensive and problematic.
Future work may consider estimation of the number of components J and the extension for multivariate and censored data with heavy tails.
(ẇ j |·) ∼ Dir (α j1 + n j1 , . . . ,α jK + n jK ) , ∀j = 1, . . . , J.
The full conditional distributions of (µ * j , σ 2 ) and β are given by:
(σ 2 |·) ∼ GI α * ,β * ,
where (µ * j , σ 2 ) ∼ N IG µ * 0 , τ * , α * ,β * with
UiYi +τ µ0
; √ u is the n−dimensional vector with entries √ u i ; ⊙ is the Hadamard product and I p is the identity matrix with dimension p.
B PC priors for ν
The PC prior from Simpson et al. (2017) was constructed to prefer a simpler model h and penalise the more complex one f . To do so, it defines a measure of complexity A nice feature of this prior is that the selection of an appropriate λ is done by allowing the researcher to control the prior tail behavior of the model. For more details see Simpson et al. (2017) .
